
LAMINAR BOUNDARY LAYER STABILITY 

TYPE DEFORMABLE SURFACES 

V. V. S k r i p a e h e v  

ON M E M B R A N E  

In connection with the successful  experiments of Kramer  [1, 2] on models sheathed by 
flexible coverings,  attempts have been made to explain theoret ical ly  the effect of boundary 
deformation on the position of the point of stability loss in the boundary layer.  Korotkin 
[3] examined the stability of a plane laminar  boundary layer  on an elastic surface under 
the assumption of a l inear connection between the p r e s s u r e  perturbat ion and the normal  
deformation of the surface.  Benjamin [4] and Landahl [5] investigated the stability of the 
laminar  boundary layer  on a membrane  type surface under the assumption that the physi-  
cal cha rac t e r i s t i c s  of the surface depend on the perturbing flow wavelength. In the fol-  
lowing we examine stability of Blasius flow on a membrane  type surface whose physical  
charac te r i s t i c s  are  constant along the length. 

We shall assume that in the absence of perturbations the plate surface coincides with the half-plane 
x ->- O, y = 0  (Fig. 1). We suppose that some perturbations ar ise  in the s t ream at a given moment of t ime 
and shall study the stability of the s t ream with respec t  to these per turbat ions.  

Let U, V(V << U) be the Blasius flow velocity components along the x and y axes respect ively,  p is 
p ressure ,  v is the kinematic viscosi ty,  and p is the density of the fluid. The perturbation velocit ies u' ,  v ' ,  
and the p re s su re  perturbat ion p'  will be assumed small  in the sense that t e rms  which are  quadratic in the 
perturbations can be neglected. We introduce the perturbing flow s t ream function r in the form 

~' --~ cp (g) exp [i a(x--ct)] (1) 

assuming that the rea l  part  of (1) is taken. The wave number cv is a rea l  quantity related with the per tu rb-  
ing flow wavelength by the relat ion os =27e/~. The phase velocity C=Cr+ ici is a complex quantity. The sign 
of the imaginary par t  c i shows whether the perturbat ion increases  (c i > 0) or decays (ci <0). In (1) and 
hereaf te r  dimensionless quantities are  used. We take as the velocity scale the velocity U 5 at the outer 
edge of the boundary layer,  and we take as the length scale the boundary layer  thickness 

Of p r i m a r y  in terest  is the neutra l  curve e i = 0 separat ing the region of growing perturbat ions f rom the 
region of decaying perturbat ions.  The s tab i l i t y  loss Reynolds number is determined f rom the fo rm of this 
curve. The neutra l  s tab i l i t y  curve is constructed on the basis of the solut ion of the O r r - S o m m e r f e l d  equa- 
t ion for  the amplitude ~ of the perturbing flow s t ream function [6] 

�9 l (~Iv 2~2~" + ~cp) ( u  - c) (~"  - ~ )  - -  U ~ = ~ - (2)  

where 

R = 6Us 
' v  

- - ,  U = 2 y - - 5 y ~ - t - 6 y ~ - - 2 g  e 
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The boundary  condi t ions  for  (2) e x p r e s s  the condit ions 
fo r  decay  of the pe r tu rba t i ons  at infinity and the no - s l i p  con-  
di t ions.  The condi t ions  at infinity have the f o r m  [6] 

s + a~  = O, I ~ [ <  oo (3) 

The n o - s l i p  condi t ions  e x p r e s s  equal i ty  of the ve loc i ty  
of the su r f ace  e l emen t  and the  fluid pa r t i c l e  adjacent  to the 
s u r f a c e  (Fig. 1). 

a~ (~, t) _ g (x + ~, TI) + ~' (x + L ~l) 
ot 

o~(x,t )  _ V ( x + ~ ) + v '  ( x + ~ , q )  (4) 
ot 

We set  

(x, t) = ~i e~ (x-cO, q (X, t) = qte r (,-ct) (5) 

Substi tut ing (5) into (4), expanding the r igh t  s ides  of the 
l a t t e r  into a T a y l o r  s e r i e s  and taking into account  the s m a l l -  
nes s  of the  de fo rma t ions  and the ve loc i ty  V. we obtain 

(6) 

F o r  the f u r t h e r  ca lcu la t ions  it is convenient  to  in t roduce  the n o r m a l  Y0 and tangent ia l  X 0 s t r e a m  c o m -  
p l iances  with r e s p e c t  to a t r ave l l i ng  wave.  The  n o r m a l  (tangential) compl i ance  is defined except  fo r  sign 
by the ra t io  of the n o r m a l  (tangential) ve loc i ty  to the  p r e s s u r e  pe r t u rba t i on  p '  = Pl exp [i~ ( x - c t ) ] .  i .e..  

Y o = -  v ( z + ~ , n ) + , ' ( z + ~ , n )  X o =  (~+~,~l) 

which  can be w r i t t e n  to w i t h i n  s m a l l  quan t i t i es  of f i r s t  o r d e r  as 

Yo - /aq) (0) X o =  i [~c(~~ ] p~(O) ' ~ U'(O) + ~ ' (0)  (7) 

The p r e s s u r e  p e r t u r b a t i o n  ampl i tude  Pl is found f r o m  the l i nea r i zed  v i scous  fluid equat ions  of m o -  
t ion in p ro j ec t ions  on the x and y axes ,  r e spec t i ve ly :  

p~ = ~ t~ (0) - ~ '  (0)l § c~' (0) § u '  (0) ~ (0) (8) 

o r  

(9) 

The ident i ty  of (8) and (9) fol lows f r o m  (2). 

We in t roduce  s i m i l a r l y  the  tangent ia l  Yi2 and n o r m a l  YIt compl i ances  of the d e f o r m a b l e  su r f ac e  with 
r e s p e c t  to  a t r ave l l i ng  wave 

I O~ I a~ 1 
Y 1 2  = 7 y  i- , Y n  = " -  p,  at 
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which to  wi th in  s m a l l  q u a n t i t i e s  of f i r s t  o r d e r  is  w r i t t e n  as  

y ~  = i ~ c ~  

191 ' 

The  e q u a l i t i e s  

Y l l -  ixc~lx 
p~ (10) 

Y0 = Yn, Xo = YI~ (11) 

e x p r e s s  the  b o u n d a r y  cond i t ions  at  the  d e f o r m a b l e  s u r f a c e .  

C a l c u l a t i o n s  show tha t  the  t a n g e n t i a l  c o m p l i a n c e  has  a weak  in f luence  on the  p o s i t i o n  of t he  s t a b i l i t y  
l o s s  poin t  and can  be c o n s i d e r e d  equa l  to  z e r o .  

To f ind the  n o r m a l  c o m p l i a n c e  Yll ,  depend ing  on ~ ,  we e x a m i n e  the  m o t i o n  of a m e m b r a n e  e l e m e n t  
(F ig .  2) 

m 02q T 0~l - -  d 
Ot----~- " = - -  p '  - -  k~l  ~ - Oz~ 

m ,  k~ p ' - -  P*' k =  k,8 T =  T, d - -  d, (12) 
m = ,76- --  --~-' pU~2 ' ~ 5 ~ '  8PUs~ ' ~Us 

H e r e  m ,  is  the  m e m b r a n e  m a s s  p e r  unit  a r e a ,  T ,  is  the  s u r f a c e  t e n s i o n  p e r  uni t  width  of the  m e m -  
b r a n e ,  k ,  i s  the  s t i f f n e s s  coe f f i c i en t .  A s t e r i s k s  deno te  d i m e n s i o n l e s s  q u a n t i t i e s .  

C o n s i d e r i n g  (5), we f ind f r o m  (12) the  r a t i o  ~?I/Pl and s u b s t i t u t e  it  into (10) to ob ta in  

ic~c 
Yn ra:* ~ (co S - -  c ~ - -  c i d / m ~ )  (13) 

w h e r e  

cos = r + ~oo~ c0~ = r k a~ , "~ , 0303 = - ~  = ko ,2R ~ 

The  a p p r o x i m a t e  so lu t i on  of (2) can  be  w r i t t e n  as  

= r + Ar (14) 

In th i s  equa t ion  �9 i s  the  " i n v i s c i d "  so lu t ion ,  s a t i s f y i n g  

( u  - c) (q)"  - -  ~ z ~ )  - -  u "  �9 = 0 (15)  

and ~3 is  the  a p p r o x i m a t e  " v i s c o u s "  so lu t i on  of (2), s a t i s f y i n g  [6] 

Y --Yc 
d'CP3d~12, i~l~ ~ d ~ 3  ____ O,  ~l~ - -  e ' s = ( : z R U c ' )  - 7 '  (16) 

H e r e  Yc is the  v a l u e  of y f o r  which  U = e .  

The  s o l u t i o n s  �9 and q~3 s a t i s f y  the  b o u n d a r y  cond i t ions  (3). The  b o u n d a r y  cond i t ions  (11) and the  con -  
d i t ions  f o r  n o n t r i v i a l i t y  of the  so lu t i on  l e ad  to the  c h a r a c t e r i s t i c  equa t ion  r e l a t i n g  the  q u a n t i t i e s  ~ ,  c, and 
R with the  p a r a m e t e r s  of t he  d e f o r m a b l e  s u r f a c e .  B e f o r e  w r i t i n g  t h i s  equa t ion ,  we s h a l l  s i m p l i f y  the  e x -  
p r e s s i o n  fo r  the  p r e s s u r e  a m p l i t u d e  Pl in (11), n e g l e c t i n g  t e r m s  which  a r e  s m a l l  in m a g n i t u d e .  In a c c o r d -  
ance  with (8) and (14), we can  w r i t e  

Pl = r + A $"'" (~ --  a~'r ~- c~ ' (0)-~  Ut (0 )~(0)  (17) 

Since  the  i n v i s c i d  so lu t ion  changes  s lowly ,  we can  n e g l e c t  t he  f i r s t  t e r m  of the  r i g h t  s ide  of (17). In  
the  B l a s i u s  f low c a s e  t h i s  t e r m  equa l s  z e r o  i d e n t i c a l l y ,  which  fo l lows  f r o m  (15) a f t e r  d i f f e r e n t i a t i n g  with  
r e s p e c t  to  y.  In a c c o r d a n c e  with  (6) and (10), the  s u m  of the  t h i r d  and fou r th  t e r m s  of the  r i g h t  s i de  of (17) 
equa l s  cY12pl and can  a l so  be  n e g l e c t e d .  F o r  f u r t h e r  s i m p l i f i c a t i o n  of (17) we f i n d r  f r o m  (16) b y  in -  
t e g r a t i n g  t e r m - b y - t e r m  with r e s p e c t  to  y 

(18)  
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It  f o l l ows  f r o m  (18) tha t  [ e 3 ' " ( 0 )  I >> te3 ' (0)  I .  T h e r e f o r e ,  c o n s i d e r i n g  a l so  tha t  Uc '  ~U ' (0 ) ,  y c U e '  ~ c  

and us ing  (7) and (11), we f i n a l l y  ob ta in  

p~ (0) = U" (0)~ (0) + caw (0) (19) 

To wi th in  t e r m s  R - i /3  an i d e n t i c a l  e x p r e s s i o n  is  ob ta ined  by  t r a n s f o r m i n g  (9). The  a r g u m e n t s  p r e -  
s en t ed  above  r e f u t e  the  s t a t e m e n t  of Landah l  [5] tha t  t he  l i n e a r i z e d  equa t ion  of m o t i o n  in the  p r o j e c t i o n  on 
the  y ax i s  p r o v i d e s  a m o r e  e x a c t  e x p r e s s i o n  fo r  t he  p r e s s u r e  p e r t u r b a t i o n  than  the  l i n e a r i z e d  equa t ion  of 
m o t i o n  in the  p r o j e c t i o n  on the  x a x i s .  

Us ing  the  r e s u l t i n g  e x p r e s s i o n  f o r  p~, we can  w r i t e  the  c h a r a c t e r i s t i c  equa t ion  in t he  f o r m  

{Yn [U" (0)O (0) + cO" (0)1 -- ic~P (0)} [U" (0 )~  (0) + c0p( (0)1 
---- - ~  (0) [u' (0)~ (0) + ~o" (0)l (20) 

Let  us  s i m p l i f y  (20). We  i n t r o d u c e  the  no ta t i ons  

( ~R U' [ (21) z = c \ ~ }  , u + i v =  ~t-~ ~u'(o)o(o)]-~c~,(_6y j 

u'(o)~(o) _ Y(z ) ,  F* (z )=  t - F ( ~  
ccp~' (0) 

H e r e  F(z )  is  the  T i e t j e n s  func t ion ,  t a b u l a t e d  in [6]. A f t e r  a s i m p l e  t r a n s f o r m a t i o n ,  (20) is  w r i t t e n  in 
t he  no t a t i ons  (21) a s  

F *  (z) = ~ + iv  -~ ~r' (0) Y ~  i~ (22) 

The function r through which u+ iv is expressed, is found from the solution of (15). Representing 

this solution in the form of a series in powers of ~2 and using only the principal terms, we obtain [6] 

[ ] u + i v  = cU' (0) ~, ( t  - c)~ + o~ , o~ - -  c ~ '  (o) + K (c)  

1 
i dy t Uc" In c U'c" rcf 

K (c) = (5 ._c)~  - -  cU ' + (Uo" P ( u j p  + ' ' "  
0 C 

(23) 

We s u b s t i t u t e  t he  v a l u e  of Y~I f r o m  (13) into (22) and s e p a r a t e  t he  r e a l  and i m a g i n a r y  p a r t s .  

we f ind 

mU" (0) (co~/c - -  c) V'  (0) d 
F ~ *  = u - -  d2 + m 2 ~ ,  (Co~/C _ c ) '  ' F i *  = v - -  ~ [d2 + m~a~ (CoVe - -  c) 2] 

Then 

(24) 

w h e r e  F r *  and F i *  a r e  r e s p e c t i v e l y  the  r e a l  and i m a g i n a r y  p a r t s  of the  func t ion  F *  (z). 

We  note  tha t  s o m e t i m e s  the  connec t ion  b e t w e e n  the  p r e s s u r e  and d e f o r m a t i o n  is  s p e c i f i e d  in the  
f o r m  [3] 

~1 ~ P ' K 1  e~~ 

i . e . ,  in a c c o r d a n c e  with  (10) we t a k e  

Y l l  = io~cK1 giO 

and do not  c o n s i d e r  t he  c o n c r e t e  f o r m  of t he  d e f o r m a b l e  s u r f a c e .  In th i s  c a s e  t he  coe f f i c i en t  K 1 and the  
p h a s e  sh i f t  0 b e t w e e n  the  p r e s s u r e  and d e f o r m a t i o n  a r e  c o n s i d e r e d  the  c h a r a c t e r i s t i c  c o n s t a n t s  of the  d e -  
f o r m a b l e  s u r f a c e .  I t  i s  not  d i f f i cu l t  to s e e  f r o m  (13) tha t  fo r  t he  d e f o r m a b l e  s u r f a c e  m o d e l  adop ted  h e r e  

K 1 ----- {[mcr z (Co ~ - -  c~)] 2 + d~c2a2}-V~, 
dca 

tg 0 : rn~ (c' - -  co') 

i . e . ,  K 1 and 0 depend  on the  p h y s i c a l  p a r a m e t e r s  of t he  p e r t u r b a t i o n  wave  and the  d e f o r m a b l e  s u r f a c e  
p a r a m e t e r s .  

On the  b a s i s  of the  above  d i s c u s s i o n  the  n e u t r a l  s t a b i l i t y  c u r v e  fo r  f ixed  d e f o r m a b l e  s u r f a c e  p a r a m e -  
t e r s  can  be  c o n s t r u c t e d  in the  fo l lowing  s e q u e n c e .  F o r  each  z we f ind f r o m  the  t a b l e s  F r *  and F i * ,  t hen  
(24) and (21) a r e  u s e d  to  f ind  ~ and c and (21) is  u s e d  to c a l c u l a t e  the  c o r r e s p o n d i n g  v a l u e  of the  num~Jer 
R. The  s t a b i l i t y  l o s s  n u m b e r  R c o r r e s p o n d s  to z =3 .21 ,  F i *  =0.58 ,  F r *  =1 ,49 .  
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The re su l t s  of calculat ions of the s tabi l i ty  loss  numbers  R a re  shown in Fig.  3. Curve  1 r e p r e s e n t s  
the dependence of fi = R / R  1 on the m a s s  p a r a m e t e r  ~m =km/km~ for  C0m =0.75, k~=4.56 �9 10 -5, d =0.1, 
kml  =1.8-  104. The number  R~ cor responds  to the number  R for  k m =km~ , which differs  v e r y  li t t le f rom 
the number  R for  a r igid sur face .  Curve  2 shows fl as a function of u ~ o = k ~ k ~  for  ~ n  =0.4, C0m =0.75, 
d=0.1 ,  k~l =7.4-  10 -4. We note that in these  calculat ions the values  of C0m and d were  taken m o r e  or  less  
a rb i t r a r i l y .  

L I T E R A T U R E  C I T E D  

1. M . O .  K r a m e r ,  "Boundary l ayer  s tabi l izat ion by dis t r ibuted damping,"  J .  Amer .  Soe. Naval  Engrs . ,  
vol.  72, no. 1, 1960. 

2. M . O .  K r a m e r ,  "Boundary layer  s tabi l izat ion by dis t r ibuted damping,"  Naval  Engrs .  J . ,  vol. 74, no. 
2, 1962. 

3. A . I .  Korotkin, "Stability of l amina r  boundary l aye r  in i ncompres s ib l e  fluid on an e las t ic  su r face , "  
Izv. AN SSSR, MZhG [Fluid Dynamics] ,  vol. 3, no. 3, 1966. 

4. T . B .  Benjamin,  "Effects  of a f lexible boundary on hydrodynamic  s tabi l i ty ,"  J .  Fluid Mech.,  vol. 9, 
pt. 4, 1960. 

5. M . T .  Landahl, "On the s tabi l i ty  of a l amina r  i ncompres s ib l e  boundary layer  ove r  a f lexible su r f ace , "  
J .  Fluid Mech., vol. 13, pt. 4, 1962. 

6. C . C .  Lin, Hydrodynamic  Stability [Russian t rans la t ion] ,  Izd-vo inostr ,  lit.,  Moscow, 1958. 

890 


